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COMPARISON OF TOPOLOGIES ON ∗-ALGEBRAS OF
LOCALLY MEASURABLE OPERATORS
V. I. CHILIN AND M. A. MURATOV
Abstract. We consider the locally measure topology t(M) on the ∗-
algebra LS(M) of all locally measurable operators affiliated with a von
Neumann algebra M. We prove that t(M) coincides with the (o)-
topology on LSh(M) = {T ∈ LS(M) : T
∗ = T} if and only if the
algebra M is σ-finite and a finite algebra. We study relationships be-
tween the topology t(M) and various topologies generated by faithful
normal semifinite traces on M.
Introduction
The development of integration theory for a faithful normal semifinite
trace τ defined on a von Neumann algebra M has led to a need to con-
sider the ∗-algebra S(M, τ) of all τ -measurable operators affiliated withM,
see, e.g., [1]. This algebra is a solid ∗-subalgebra of the ∗-algebra S(M) of
all measurable operators affiliated with M. The ∗-algebra S(M) was intro-
duced by I. Segal [2] to describe a “noncommutative version” of the ∗-algebra
of measurable complex-valued functions. If M is a commutative von Neu-
mann algebra, then M can be identified with the ∗-algebra L∞(Ω,Σ, µ) of
all essentially bounded measurable complex-valued functions defined on a
measure space (Ω,Σ, µ) with a measure µ having the direct sum property.
In this case, the ∗-algebra S(M) is identified with the ∗-algebra L0(Ω,Σ, µ)
of all measurable complex-valued functions defined on (Ω,Σ, µ) [2].
The ∗-algebras S(M, τ) and S(M) are substantive examples of EW ∗-
algebras E of closed linear operators, affiliated with the von Neumann alge-
braM, which act on the same Hilbert space H asM and have the bounded
part Eb = E ∩ B(H) coinciding with M [3], where B(H) is the ∗-algebra of
all bounded linear operators on H. A natural desire of obtaining a maximal
EW ∗-algebra E with Eb = M has led to a construction of the ∗-algebra
LS(M) of all locally measurable operators affiliated with the von Neumann
algebra M, see, for example, [4]. It was shown in [5] that any EW ∗-algebra
E satisfying Eb =M is a solid ∗-subalgebra of LS(M).
In the case where there exists a faithful normal finite trace τ on M,
all three ∗-algebras LS(M), S(M), and S(M, τ) coincide [6, § 2.6], and a
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natural topology that endows these ∗-algebras with the structure of a topo-
logical ∗-algebra is the measure topology induced by the trace τ [1]. If τ is a
semifinite but not a finite trace, then one can consider the τ -locally measure
topology tτ l and the weak τ -locally measure twτ l [7]. However, in the case
where M is not of finite type, the multiplication is not jointly continuous
in the two variables with respect to these topologies. In this connection, it
makes sense to use, for the ∗-algebra LS(M), the locally measure topology
t(M), which was defined in [4] for any von Neumann algebras and which
endows LS(M) with the structure of a complete topological ∗-algebra [6,
§ 3.5].
The natural partial order on the selfadjoint part LSh(M) = {T ∈
LS(M) : T ∗ = T} permits to define, on LSh(M), an order convergence,
(o)-convergence, and the generated by it (o)-topology to(M). If M is a
commutative von Neumann algebra, t(M) 6 to(M) and t(M) = to(M) on
LSh(M) if and only if M is of σ-finite algebra [12, Ch.V, § 6]. For non-
commutative von Neumann algebras, such relations between the topologies
t(M) and to(M) do not hold in general. For example, if M = B(H), then
LS(M) = M and the topology t(M) coincides with the uniform topology
that is strictly stronger than the (o)-topology on Bh(H) if dim(H) = ∞ [6,
§ 3.5].
In this paper, we study relations between the topology t(M) and the
topologies tτ l, twτ l, and to(M). We find that the topologies t(M) and
tτ l (resp. t(M) and twτ l) coincide on S(M, τ) if and only if M is finite,
and t(M) = to(M) on LSh(M) holds if and only if M is a σ-finite and
finite. Moreover, it turns out that the topology tτl (resp. twτ l) coincides
with the (o)-topology on Sh(M, τ) only for finite traces. We give necessary
and sufficient conditions for the topology t(M) to be locally convex (resp.,
normable). We show that (o)-convergence of sequences in LSh(M) and
convergence in the topology t(M) coincide if and only if the algebra M is
an atomic and finite algebra.
We use the von Neumann algebra terminology, notations and results
from [9, 10], and those that concern the theory of measurable and locally
measurable operators from [4, 6].
1. Preliminaries
Let H be a Hilbert space over the field C of complex numbers, B(H)
be the ∗-algebra of all bounded linear operators on H, I be the identity
operator on H, M be a von Neumann subalgebra of B(H), P(M) = {P ∈
M : P 2 = P = P ∗} be the lattice of all projections in M, and Pfin(M) be
the sublattice of its finite projections. The center of a von Neumann algebra
M will be denoted by Z(M).
A closed linear operator T affiliated with a von Neumann algebra M and
having everywhere dense domain D(T ) ⊂ H is called measurable if there
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exists a sequence {Pn}∞n=1 ⊂ P(M) such that Pn ↑ I, Pn(H) ⊂ D(T ), and
P⊥n = I − Pn ∈ Pfin(M), n = 1, 2, . . .
A set S(M) of all measurable operators is a ∗-algebra with identity I over
the field C [2]. It is clear that M is a ∗-subalgebra of S(M).
A closed linear operator T affiliated with M and having an everywhere
dense domain D(T ) ⊂ H is called locally measurable with respect to M if
there is a sequence {Zn}∞n=1 of central projections in M such that Zn ↑ I
and TZn ∈ S(M) for all n = 1, 2, . . .
The set LS(M) of all locally measurable operators with respect toM is a
∗-algebra with identity I over the field C with respect to the same algebraic
operations as in S(M) [4]. Here, S(M) is a ∗-subalgebra of LS(M). If M
is finite, or if M is a factor, the algebras S(M) and LS(M) coincide.
For every T ∈ S(Z(M)) there exists a sequence {Zn}∞n=1 ⊂ P(Z(M))
such that Zn ↑ I and TZn ∈ M for all n = 1, 2, . . . This means that
T ∈ LS(M). Hence, S(Z(M)) is a ∗-subalgebra of LS(M), and S(Z(M))
coincides with the center of the ∗-algebra LS(M).
For every subset E ⊂ LS(M), the sets of all selfadjoint (resp., positive)
operators in E will be denoted by Eh (resp., E+). The partial order in
LSh(M) defined by its cone LS+(M) is denoted by 6. For a net {Tα}α∈A ⊂
LSh(M), the notation Tα ↑ T (resp., Tα ↓ T ), where T ∈ LSh(M), means
that Tα 6 Tβ (resp., Tβ 6 Tα) for α 6 β and T = sup
α∈A
Tα (resp., T = inf
α∈A
Tα).
We say that a net {Tα}α∈A ⊂ LSh(M) (o)-converges to an operator T ∈
LSh(M), denoted by Tα (o)−→ T , if there exist nets {Sα}α∈A and {Rα}α∈A
in LSh(M) such that Sα 6 Tα 6 Rα for all α ∈ A and Sα ↑ T , Rα ↓ T .
The strongest topology on LSh(M) for which (o)-convergence implies its
convergence in the topology is called order topology, or the (o)-topology, and
is denoted by to(M). If M = L∞(Ω,Σ, µ), µ(Ω) < ∞, the (o)-convergence
of sequences in LSh(M) coincides with almost everywhere convergence ,
and convergence in the (o)-topology, to(M), with measure convergence [11,
Ch. III, § 9].
Let T be a closed operator with dense domain D(T ) in H, T = U |T | the
polar decomposition of the operator T , where |T | = (T ∗T ) 12 and U is the
partial isometry in B(H) such that U∗U is the right support of T . It is
known that T ∈ LS(M) if and only if |T | ∈ LS(M) and U ∈ M [6, § 2.3].
If T is a self-adjoint operator affiliated with M, then the spectral family of
projections {Eλ(T )}λ∈R for T belongs to M [6, § 2.1].
Let us now recall the definition of the locally measure topology. Let first
M be a commutative von Neumann algebra. Then M is ∗-isomorphic to
the ∗-algebra L∞(Ω,Σ, µ) of all essentially bounded measurable complex-
valued functions defined on a measure space (Ω,Σ, µ) with the measure
µ satisfying the direct sum property (we identify functions that are equal
almost everywhere). The direct sum property of a measure µ means that
the Boolean algebra of all projections of the ∗-algebra L∞(Ω,Σ, µ) is order
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complete, and for any nonzero P ∈ P(M) there exists a nonzero projection
Q 6 P such that µ(Q) <∞.
Consider the ∗-algebra LS(M) = S(M) = L0(Ω,Σ, µ) of all measur-
able almost everywhere finite complex-valued functions defined on (Ω,Σ, µ)
(functions that are equal almost everywhere are identified). On L0(Ω,Σ, µ),
define a locally measure topology t(M), that is, the linear Hausdorff topol-
ogy, whose base of neighborhoods around zero is given by
W (B, ε, δ) = {f ∈ L0(Ω, Σ, µ) : there exists a set E ∈ Σ such that
E ⊆ B, µ(B \ E) 6 δ, fχE ∈ L∞(Ω,Σ, µ), ‖fχE‖L∞(Ω,Σ,µ) 6 ε},
where ε, δ > 0, B ∈ Σ, µ(B) <∞, and χ(ω) =
{
1, ω ∈ E,
0, ω 6∈ E.
Convergence of a net {fα} to f in the topology t(M), denoted by fα t(M)−→
f , means that fαχB −→ fχB in measure µ for any B ∈ Σ with µ(B) <∞. It
is clear that the topology t(M) does not change if the measure µ is replaced
with an equivalent measure. Denote by th(M) the topology on LSh(M)
induced by the topology t(M) on LS(M).
Proposition 1. If M is a commutative von Neumann algebra, then
th(M) 6 to(M).
Proof. It sufficient to prove that any net {fα}α∈A ⊂ LSh(M), which (o)-
converges to zero, also converges to zero with respect to the topology th(M).
Choose a net {gα}α∈A ⊂ LSh(M) such that gα ↓ 0 and −gα 6 fα 6 gα for
all α ∈ A.
Let B ∈ Σ and µ(B) <∞ (we identify M with L∞(Ω,Σ, µ)). Then
−gαχB 6 fαχB 6 gαχB , α ∈ A,
and, since gαχB ↓ 0, we have gαχB → 0 in measure µ. Consequently,
fαχB → 0 in measure µ and, hence, fα th(M)−→ 0. 
Let now M be an arbitrary von Neumann algebra. Identify the center
Z(M) with the ∗-algebra L∞(Ω,Σ, µ), and LS(Z(M)) with the ∗-algebra
L0(Ω,Σ, µ). Denote by L+(Ω, Σ, m) the set of all measurable real-valued
functions defined on (Ω,Σ, µ) and taking values in the extended half-line
[0, ∞] (functions that are equal almost everywhere are identifed). It was
shown in [2] that there exists a mapping D : P(M) → L+(Ω,Σ, µ) that
possesses the following properties:
(i) D(P ) = 0 if and only if P = 0;
(ii) D(P ) ∈ L0(Ω,Σ, µ)⇐⇒ P ∈ Pfin(M);
(iii) D(P ∨Q) = D(P ) +D(Q) if PQ = 0;
(iv) D(U∗U) = D(UU∗) for any partial isometry U ∈M;
(v) D(ZP ) = ZD(P ) for any Z ∈ P(Z(M)) and P ∈ P(M);
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(vi) if {Pα}α∈A, P ∈ P(M) and Pα ↑ P , then D(P ) = sup
α∈A
D(Pα).
A mapping D : P(M) → L+(Ω,Σ, µ) that satisfies properties (i)—(vi) is
called a dimension function on P(M).
For arbitrary numbers ε, δ > 0 and a set B ∈ Σ, µ(B) <∞, set
V (B, ε, δ) = {T ∈ LS(M) : there exist P ∈ P(M), Z ∈ P(Z(M)),
such that TP ∈ M, ‖TP‖M 6 ε, Z⊥ ∈W (B, ε, δ), D(ZP⊥) 6 εZ},
where ‖ · ‖M is the C∗-norm on M.
It was shown in [4] that the system of sets
(1) {{T + V (B, ε, δ)} : T ∈ LS(M), ε, δ > 0, B ∈ Σ, µ(B) <∞}
defines a linear Hausdorff topology t(M) on LS(M) such that sets (1) form
a neighborhood base of the operator T ∈ LS(M). Here, (LS(M), t(M)) is
a complete topological ∗-algebra, and the topology t(M) does not depend
on a choice of the dimension function D.
The topology t(M) is called a locally measure topology [4].
We will need the following criterion for convergence of nets with respect
to this topology.
Proposition 2 ([6, § 3.5]). (i) A net {Pα}α∈A ⊂ P(M) converges to
zero with respect to the topology t(M) if and only if there is a net
{Zα}α∈A ⊂ P(Z(M)) such that ZαPα ∈ Pfin(M) for all α ∈ A,
Z⊥α
t(Z(M))−→ 0, and D(ZαPα) t(Z(M))−→ 0, where t(Z(M)) is the locally
measure topology on LS(Z(M)).
(ii) A net {Tα}α∈A ⊂ LS(M) converges to zero with respect to the topol-
ogy t(M) if and only if E⊥λ (|Tα|)
t(M)−→ 0 for any λ > 0, where
{E⊥λ (|Tα|)} is a spectral projection family for the operator |Tα|.
It follows from Proposition 2 that the topology t(M) induces the topol-
ogy t(Z(M)) on LS(Z(M)); hence, S(Z(M)) is a closed ∗-subalgebra of
(LS(M), t(M)).
It is clear that
X · V (B, ε, δ) ⊂ V (B, ε, δ)
for any X ∈ M with the norm ‖X‖M 6 1. Since V ∗(B, ε, δ) ⊂
V (B, 2ε, δ) [6, § 3.5], we have
V (B, ε, δ) · Y ⊂ V (B, 4ε, δ)
for all Y ∈ M satisfying ‖Y ‖M 6 1. Hence,
(2) X · V (B, ε, δ) · Y ⊂ V (B, 4ε, δ)
for any ε, δ > 0, B ∈ Σ, µ(B) <∞, X,Y ∈ M with ‖X‖M 6 1, ‖Y ‖M 6 1.
Since the involution is continuous in the topology t(M), the set LSh(M)
is closed in (LS(M), t(M)). The cone LS+(M) of positive elements is also
closed in (LS(M), t(M)) [4]. Hence, for every increasing (or decreasing)
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net {Tα}α∈A ⊂ LSh(M) that converges to T in the topology t(M), we have
that T ∈ LSh(M) and T = sup
α∈A
Tα (resp. T = inf
α∈A
Tα) [13, Ch. V, § 4].
2. Comparison of the topologies t(M) and to(M)
Let M be an arbitrary von Neumann algebra, to(M) be the (o)-topology
on LSh(M). As before, th(M) denotes the topology on LSh(M) induced
by the topology t(M) on LS(M).
Theorem 1. The following conditions are equivalent:
(i) th(M) 6 to(M);
(ii) M is finite.
Proof. (i)⇒ (ii). Suppose thatM is not finite. Then there is a sequence of
pairwise orthogonal and pairwise equivalent projections {Pn}∞n=1 in P(M).
Choose a partial isometry Un inM such that U∗nUn = P1, UnU∗n = Pn, n =
1, 2, . . . Set Qn = sup
j>n
Pj . Then Qn ∈ P(M) and Qn ↓ 0. By condition (i)
we have Qn
th(M)−→ 0. Since Pn = PnQn, it follows from (2) that Pn th(M)−→ 0.
Again using (2) we get that P1 = U
∗
nPnUn
th(M)−→ 0 and, hence, P1 = 0, which
is not true. Consequently, M is finite.
(ii) ⇒ (i). Let M be a finite von Neumann algebra, Φ : M 7→ Z(M)
a center-valued trace on M [10, Ch. V, § 2]. The restriction D of the trace
Φ on P(M) is a dimension function on P(M). Let {Tα}α∈A ⊂ LSh(M)
and Tα
(o)−→ 0. Then there exists a net {Sα}α∈A in LSh(M) such that
Sα ↓ 0 and −Sα 6 Tα 6 Sα for all α ∈ A. Fix α0 ∈ A and set Xα =
XTαX, Yα = XSαX for α > α0, where X = (I + Sα0)
− 1
2 . It is clear
that −I 6 −Yα 6 Xα 6 Yα 6 I for α > α0 and Yα ↓ 0. Consequently,
−I 6 −Φ(Yα) 6 Φ(Xα) 6 Φ(Yα) 6 I and Φ(Yα) ↓ 0.
Let E⊥λ (Yα) = {Yα > λ} be a spectral projection for Yα corresponding to
the interval (λ,+∞), λ > 0. Since
D(E⊥λ (Yα)) 6
1
λ
Φ(Yα),
it follows that D(E⊥λ (Yα))
(o)−→ 0 in Z(M). By Proposition 1, we have that
D(E⊥λ (Yα))
t(Z(M))−→ 0
for all λ > 0. Hence, Proposition 2 gives that Yα
t(M)−→ 0.
Set Zα = Xα + Yα. Repeating the previous reasoning and using the
inequality 0 6 Zα 6 2Yα we get that Zα
t(M)−→ 0. Consequently, Xα = Zα −
Yα
t(M)−→ 0 and, hence, Tα = X−1XαX−1 t(M)−→ 0. Thus, th(M) 6 to(M). 
Remark 1. In the proof of the implication (i)⇒ (ii) of Theorem 1, it was
shown that convergence to zero, in the topology t(M), of any sequence of
projections in P(M), which decreases to zero, implies that M is finite.
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Let us now find conditions that would imply that the topologies th(M)
and to(M) coincide on LSh(M). Recall that a von Neumann algebra M is
called σ-finite if any family of nonzero mutually orthogonal projections in
P(M) is at most countable. It is known that the topology t(M) on LS(M)
is metrizable if and only if the center Z(M) is σ-finite [4].
Proposition 3. If Z(M) is σ-finite, then to(M) 6 th(M).
Proof. Choose a neighborhood basis {Vk}∞k=1 of zero in (LS(M), t(M)) such
that
Vk+1 + Vk+1 ⊂ Vk
for all k.
Let {Tn}∞n=1 ⊂ LSh(M) and Tn
t(M)−→ 0. Using relation (2) and the polar
decomposition Tn = Un|Tn| we see that |Tn| t(M)−→ 0. Choose a subsequence
|Tnk | ∈ Vk and set Sk =
k∑
i=1
|Tni |. It is clear that Sm − Sk+1 ∈ Vk for
m > k. Hence, there exists an operator S ∈ LSh(M) such that Sk t(M)−→ S.
The sequence Rk = S −
k∑
i=1
|Tni | decreases and Rk
t(M)−→ 0. Since the cone
LS+(M) of positive elements is closed in (LS(M), t(M)), we have Rk ↓ 0
and
−Rk−1 6 −|Tnk | 6 Tnk 6 |Tnk | 6 Rk−1.
Consequently, Tnk
(o)−→ 0. Thus, for any sequence {Tn}∞n=1 ⊂ LSh(M),
which converges to T ∈ LSh(M) in the topology t(M), there exists a sub-
sequence Tnk
(o)−→ T . This means that to(M) 6 th(M). 
We now describe a class of von Neumann algebrasM for which the topolo-
gies to(M) and th(M) coincide.
Theorem 2. The following conditions are equivalent:
(i) M is finite and σ-finite;
(ii) to(M) = th(M).
Proof. The implication (i)⇒ (ii) follows from Theorem 1 and Proposition 3.
(ii)⇒ (i). If to(M) = th(M), then the von Neumann algebra M is finite
by Theorem 1. Let us show that the center Z(M) is σ-finite.
Let {Zj}j∈∆ be a family of nonzero pairwise orthogonal projections in
P(Z(M)) satisfying sup
j∈∆
Zj = I and µ(Zj) < ∞ (as before, we identify the
commutative von Neumann algebra Z(M) with L∞(Ω,Σ, µ) and LS(Z(M))
with L0(Ω,Σ, µ)). Denote by E a ∗-subalgebra in L0(Ω,Σ, µ) of all functions
f ∈ L0(Ω,Σ, µ) satisfying fZj = λjZj for some λj ∈ C, j ∈ ∆. It is clear
that E is ∗-isomorphic to the ∗-algebra C∆ = {{λj}j∈∆ : λj ∈ C}, and Eh
is isomorphic to the algebra R∆ = {{rj}j∈∆ : rj ∈ R}. Denote by t the
Tychonoff topology of coordinate convergence in R∆, and identify Eh with
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R∆. If fα ∈ Eh, then fα t(M)−→ 0 if and only if fαZj µ−→ 0 for all j ∈ ∆. This
means that the topology t(M) induces the Tychonoff topology t on Eh.
Let us show that any subset G ⊂ Eh, upper bounded in LSh(M), is upper
bounded in Eh, and the least upper bounds for G in Eh and in Sh(M) =
LSh(M) are the same.
For any operator T ∈ S+(M) there exists a maximal commutative
∗-subalgebra A of S(M) containing Z(M) and T . Since M is a finite
von Neumann algebra, N = A ∩M is also a finite von Neumann algebra,
and A = S(N ). We also have that Z(M) ⊂ N . It is clear that Sh(Z(M)) is
a regular sublattice of Sh(N ), that is, the least upper bounds and the least
lower bounds of bounded subsets of Sh(Z(M)) calculated in Sh(N ) and in
Sh(Z(M)) coincide.
Let G ⊂ Eh and S 6 T for all S ∈ G. Then there exists a least up-
per bound supG in Sh(N ), which, since Sh(Z(M)) is regular, belongs to
Sh(Z(M)). Since Eh is a regular sublattice in Sh(Z(M)), supG ∈ Eh.
Consequently, any net {Sα} ⊂ Eh that (o)-converges to S in Sh(M) will
be (o)-convergent to S in Eh. This means that the (o)-topology to(M) in
Sh(M) induces the (o)-topology to(Eh) in Eh. Since to(M) = th(M), the
Tychonoff topology t coincides with the (o)-topology in R∆. Consequently,
the set ∆ is at most countable [12, Ch. V, § 6], that is, Z(M) is a σ-finite
von Neumann algebra. Since the von Neumann algebra M is finite, M is
also a σ-finite algebra [2]. 
Proposition 3 and Theorems 1 and 2 give the following.
Corollary 1. (i) If M is a σ-finite von Neumann algebra but is not
finite, then to(M) < th(M).
(ii) If M is not a σ-finite von Neumann algebra but is finite, then
th(M) < to(M).
Using Corollary 1 one can easily construct an example of a von Neumann
algebra M for which the topologies to(M) and th(M) are incomparable.
Let M1 be a σ-finite von Neumann algebra which is not finite, M2 be
a not σ-finite von Neumann algebra which is finite, and M = M1 ×M2.
Then LS(M) = LS(M1) × LS(M2) [6, § 2.5], and the topology t(M) co-
incides with the product of the topologies t(M1) and t(M2). Moreover, a
net {(T (1)α , T (2)α )}α∈A in LSh(M1) × LSh(M2) is (o)-convergent to an ele-
ment (T (1), T (2)) ∈ LSh(M1) × LSh(M2) if and only if the net {T (k)α }α∈A
is (o)-convergent to T (k), k = 1, 2. Identifying LSh(M1) with the linear
subspace LSh(M1) × {0} and LSh(M2) with {0} × LSh(M2) we get that
the (o)-topology to(M) in LSh(M) induces (o)-topologies in LSh(M1) and
LSh(M2), correspondingly. It remains to apply Corollary 1, by which the
topologies to(M) and th(M) are incomparable.
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3. Locally measure topology on semifinite von Neumann
algebras
LetM be a semifinite von Neumann algebra acting on a Hilbert space H,
τ be a faithful normal semifinite trace on M. An operator T ∈ S(M) with
domain D(T ) is called τ -measurable if for any ε > 0 there exists a projection
P ∈ P(M) such that P (H) ⊂ D(T ) and τ(P⊥) < ε.
A set S(M, τ) of all τ -measurable operators is a ∗-subalgebra of S(M),
and M⊂ S(M, τ). If the trace τ is finite, then S(M, τ) = S(M).
Let tτ be a measure topology [1] on S(M, τ) whose base of neighborhoods
around zero is given by
U(ε, δ) = {T ∈ S(M, τ) : there exists a projection P ∈ P(M),
such that τ(P⊥) 6 δ, TP ∈ M, ‖TP‖M 6 ε}, ε > 0, δ > 0.
The pair (S(M, τ), tτ ) is a complete metrizable topological ∗-algebra.
Here, the topology tτ majorizes the topology t(M) on S(M, τ) and, if τ is
a finite trace, the topologies tτ and t(M) coincide [6, §§ 3.4, 3.5]. Denote
by t(M, τ) the topology on S(M, τ) induced by the topology t(M). It is
not true in general that, if the topologies tτ and t(M, τ) are the same, then
the von Neumann algebra M is finite. Indeed, ifM = B(H), dim(H) =∞,
τ = tr is the canonical trace on B(H), then LS(M) = S(M) = S(M, τ) =
M, and the two topologies tτ and t(M) coincide with the uniform topology
on B(H).
At the same time, we have the following.
Proposition 4. IfM is a finite von Neumann algebra with a faithful normal
semifinite trace τ and tτ = t(M, τ), then τ(I) <∞.
Proof. If τ(I) = ∞, then there exists a sequence of projections {Pn}∞n=1 ⊂
P(M) such that Pn ↓ 0 and τ(Pn) =∞. By Theorem 1, Pn t(M)−→ 0, however,
{Pn}∞n=1 does not converge to zero in the topology tτ . 
Denote by thτ the topology on Sh(M, τ) induced by the topology tτ , and
by toτ (M) the (o)-topology on Sh(M, τ). The topology toτ (M), in general,
does not coincide with the topology induced by the (o)-topology to(M) on
Sh(M, τ). For example, for
M = l∞(C) = {{αn}∞n=1 ⊂ C : sup
n>1
|αn| <∞}
and
τ({αn}) =
∞∑
n=1
αn, αn > 0,
we have that LS(M) = CN and S(M, τ) = l∞(C). Here, the (o)-topology
to(M) on LSh(M) = R∆ is the topology of the coordinatewise convergence,
in particular,
Tn = nZn
(o)−→ 0
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in R∆, where Zn = {0, . . . , 0, 1, 0, . . .}, the number 1 is at the n-
th place. However, the sequence {Tn}∞n=1 does not converge in the
(o)-topology toτ (l∞(C)), since any its subsequence is not bounded in
l∞(R) = (l∞(C))h [11, Ch. VI, § 3].
Remark 2. Since S+(M, τ) = S(M, τ)∩LS+(M) is closed in (S(M, τ), tτ )
and Tn
tτ−→ T if and only if |Tn − T | tτ−→ 0 [6, § 3.4], using metrizability of
the topology tτ and repeating the end of the proof of Proposition 3 we get
that toτ (M) 6 thτ .
Remark 3. Using the inclusions U∗(ε, δ) ⊂ U(ε, 2δ) and TU(ε, δ) ⊂
U(ε‖T‖M, δ), where T ∈ M we can see as in the proof of the implication
(i)⇒ (ii) in Theorem 1 that the equality toτ (M) = thτ implies that the von
Neumann algebra M is finite.
Proposition 5. Let M be a semifinite von Neumann algebra, τ be a faithful
normal semifinite trace on M. The following conditions are equivalent.
(i) Any net that is (o)-convergent in Sh(M, τ) also converges in the
topology thτ ;
(ii) toτ (M) = thτ ;
(iii) τ(I) <∞.
Proof. The implication (i) ⇒ (ii) follows from Remark 2 and definition of
the topology toτ (M).
(ii) ⇒ (iii). By Remark 3, the von Neumann algebra M is finite. Re-
peating the proof of Proposition 4 we see that τ(I) <∞.
(iii) ⇒ (i). If τ(I) < ∞, then M is a finite von Neumann algebra, and
S(M, τ) = LS(M). Hence, (i) follows from Theorem 1. 
Together with the topology tτ on S(M, τ), one can also consider two
more Hausdorff vector topologies associated with the trace τ [7]. This are
the τ -locally measure topology tτl and the weak τ -locally measure topology
twτl. The sets
Uτ (ε, δ, P ) = {T ∈ S(M, τ) : there exists a projection Q ∈ P(M)
such that Q 6 P, τ(P −Q) 6 δ, TQ ∈ M, ‖TQ‖M 6 ε}
(resp.,
Uwτ (ε, δ, P ) = {T ∈ S(M, τ) : there exists a projection Q ∈ P(M)
such that Q 6 P, τ(P −Q) 6 δ, QTQ ∈ M, ‖QTQ‖M 6 ε}),
where ε > 0, δ > 0, P ∈ P(M), τ(P ) < ∞, form a neighborhood base
around in the topology tτl (resp., in the topology twτl).
It is clear that twτl 6 tτl 6 tτ , and if τ(I) <∞, all three topologies twτl,
tτl, and tτ coincide.
Let us remark that if M = B(H) and τ = tr, the topology tτl coincides
with the strong operator topology, and the topology twτl with the weak
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operator topology, that is, if dim(H) = ∞, we have twτl < tτl < tτ in this
case.
The following criterion for convergence of nets in the topologies twτl and
tτl can be obtained directly from the definition.
Proposition 6 ([7]). If {Tα}α∈A, T ⊂ S(M, τ), then Tα tτl−→ T (resp.,
Tα
twτl−→ T ) if and only if TαP tτ−→ TP (resp., PTαP tτ−→ PTP ) for all
P ∈ P(M) satisfying τ(P ) <∞.
Let us also list the following useful properties of the topologies tτl and
twτl.
Proposition 7 ([7]). Let Tα, Sα ∈ S(M, τ). Then
(i) Tα
tτl−→ ⇐⇒ |Tα| tτl−→ 0 ⇐⇒ |Tα|2 twτl−→ 0;
(ii) if Tα
tτl−→ T , Sα tτl−→ S, and the net {Sα} is tτ -bounded, then
TαSα
tτl−→ TS;
(iii) if 0 6 Sα 6 Tα and Tα
twτl−→ 0, then Sα twτl−→ 0.
To compare the topologies twτl and tτl with the topology t(M), we will
need the following property of the topology t(M).
Proposition 8. The topology t(M) induced the topology t(PMP ) on
LS(PMP ), where 0 6= P ∈ P(M).
Proof. Let {Qα}α∈A ⊂ P(PMP ) and Qα t(M)−→ 0. By Proposition 2(i) there
exists a net {Zα}α∈A ⊂ P(Z(M)) such that ZαQα ∈ Pfin(M) for any
α ∈ A, Z⊥α
t(Z(M))−→ 0, and D(ZαQα) t(Z(M))−→ 0. The projection Rα = PZα is
in the center Z(PMP ) of the von Neumann algebra PMP , and RαQα =
ZαQα is a finite projection in PMP . Denote by Z(P ) the central support
of the projection P . The mapping ψ : PZ(M)→ Z(P )Z(M) given by
ψ(PZ) = Z(P )Z, Z ∈ Z(M),
is a ∗-isomorphism from PZ(M) onto Z(P )Z(M). Since Z(PMP ) =
PZ(M) [9, Sect. 3.1.5], the ∗-algebras Z(PMP ) and Z(P )Z(M) are
∗-isomorphic.
It is clear that
DP (Q) := Z(P )D(Q), Q ∈ P(PMP ),
is a dimension function on P(PMP ), where D is the initial dimension func-
tion on P(M). We have that
DP (RαQα) = DP (ZαQα) = Z(P )D(ZαQα) t(Z(P )Z(M))−→ 0.
Moreover,
P −Rα = P (I − Zα) ψ7−→ Z(P )Z⊥α
t(Z(P )Z(M))−→ 0.
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Hence, by Proposition 2 (i) we get that Qα
t(PMP )−→ 0.
In the same way we can prove that Qα
t(PMP )−→ 0, {Qα} ⊂ P(PMP ),
implies that Qα
t(M)−→ 0.
Let now {Tα} ⊂ LS(PMP ) and Tα t(M)−→ 0. By Proposition 2(ii), we have
that E⊥λ (|Tα|)
t(M)−→ 0 for any λ > 0, where {Eλ(|Tα|)} is a family of spectral
projections for |Tα|. Denote by {EPλ (|Tα|)} the family of spectral projections
for |Tα| in LS(PMP ), λ > 0. It is clear that Eλ(|Tα|) = P⊥ + EPλ (|Tα|)
and E⊥λ (|Tα|) = P − EPλ (|Tα|) for all λ > 0. It follows from above that
P − EPλ (|Tα|)
t(PMP )−→ 0 for all λ > 0. Hence, by Proposition 2(ii), it follows
that Tα
t(PMP )−→ 0.
One can similarly prove that the convergence Tα
t(PMP )−→ 0 implies the
convergence Tα
t(M)−→ 0. 
Theorem 3. tτl 6 t(M, τ).
Proof. If {Tα} ⊂ S(M, τ) and Tα t(M)−→ 0, then |Tα|2 t(M)−→ 0. Let P ∈ P(M)
and τ(P ) < ∞. By Proposition 8, we have that P |Tα|2P t(PMP )−→ 0. Since
τ(P ) < ∞, it follows that LS(PMP ) = S(PMP, τ) and the topology
t(PMP ) coincides with the measure topology tτ , that is, P |Tα|2P tτ−→ 0.
By Proposition 6, we get that |Tα|2 twτl−→ 0. Hence, it follows from Proposi-
tion 7(i) that Tα
tτl−→ 0. 
Remark 4. It follows from Theorem 3 that the inequalities
twτl 6 tτl 6 t(M, τ) 6 tτ
always hold. If M = B(H) × L∞[0,∞), τ((T, f)) = tr T +
∞∫
0
f dµ, where
T ∈ B+(H), 0 6 f ∈ L∞[0,∞), µ is the linear Lebesgue measure on [0,∞),
dimH = ∞, then S(M, τ) = B(H)× S(L∞[0,∞), µ) and, in this case, the
following strict inequalities hold:
twτl < tτl < t(M, τ) < tτ .
To find necessary and sufficient conditions for the topology t(M, τ) to
coincide with the topologies tτl and twτl, we will need the following.
Proposition 9. Let M be a semifinite von Neumann algebra, τ be a faithful
normal semifinite trace on M, {Tα}α∈A ⊂M, sup
α∈A
‖Tα‖M 6 1.
1) If τ(I) <∞, then Tα tτ−→ 0 if and only if τ(|Tα|) −→ 0.
2) If the algebra M if finite and Φ : M 7→ Z(M) is a center-valued
trace on M, then the following conditions are equivalent:
(i) Tα
tτl−→ 0;
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(ii) Φ(|Tα|) t(Z(M))−→ 0;
(iii) Tα
t(M)−→ 0.
Proof. 1). If τ(|Tα|) → 0, then it follows at once from the inequality
τ({|Tα| > λ}) 6 1λτ(|Tα|), λ > 0, that Tα
tτ−→ 0 (here we do not need
the condition that sup
α∈A
‖Tα‖M 6 1). Conversely, let Tα tτ−→ 0. Then for
every ε > 0 there exist α(ε) ∈ A and Pα ∈ P(M), α > α(ε), such that
τ(P⊥α ) 6 ε, TαPα ∈ M, ‖TαPα‖M 6 ε.
Consequently, ‖|Tα|Pα‖M 6 ε and τ(|Tα|Pα) 6 ετ(I). Whence,
τ(|Tα|) 6 ετ(I) + τ(|Tα|P⊥α ) 6 ετ(I) + ε sup
α∈A
‖Tα‖M
for all α > α(ε), that is, τ(|Tα|)→ 0.
2). (i) ⇒ (ii). If Tα tτl−→ 0, then |Tα| tτl−→ 0 (Proposition 7) and thus
|Tα| twτl−→ 0. Let Pτ (M) = {P ∈ P(M) : τ(P ) <∞}. For every finite subset
β = {P1, P2, . . . , Pn} ⊂ Pτ (M), let Qβ = sup
16i6n
Pi. Denote by B = {β} the
directed set of all finite subsets of Pτ (M), ordered by inclusion. It is clear
that Qβ ↑ I and Qβ ∈ Pτ (M) for all β ∈ B.
Let V, U be neighborhoods in (S(Z(M)), t(Z(M))) of zero such that
V + V ⊂ U and XV ⊂ V for any X ∈ Z(M) with ‖X‖M 6 1. Since
Φ(Q⊥β ) ↓ 0, there exists β0 ∈ B such that Φ(Q⊥β0) ∈ V . Since
0 6 Φ(Q⊥β0 |Tα|Q⊥β0) 6 sup
α∈A
‖Tα‖MΦ(Q⊥β0) 6 Φ(Q⊥β0),
we have that Φ(Q⊥β0 |Tα|Q⊥β0) ∈ V for all α ∈ A. Identify the center Z(M)
with L∞(Ω,Σ, µ) and, for E ∈ Σ, µ(E) < ∞, consider a faithful normal
finite trace νE on χEM defined by
νE(X) =
∫
E
Φ(X)dµ.
Since |Tα| twτl−→ 0, we have that Xα = Qβ0 |Tα|Qβ0 tτ−→ 0. Consequently,
χEXα
tτ−→ 0 and, hence, χEXα
tνE−→ 0. Using item 1) we see that∫
E
Φ(Xα)dµ = ν(χEXα) −→ 0.
Consequently, Φ(Xα)
t(Z(M))−→ 0. Hence, there exists α(V ) ∈ A such that
Φ(Xα) ∈ V for all α > α(V ). Using that Φ(XY ) = Φ(Y X) for X,Y ∈ M [9,
Sect. 7.11] we get that
Φ(|Tα|) = Φ(Qβ0 |Tα|Qβ0) + Φ(Q⊥β0 |Tα|Q⊥β0) ∈ V + V ⊂ U
for α > α(V ), which implies the convergence Φ(|Tα|) t(Z(M))−→ 0.
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(ii) ⇒ (iii). If Φ(|Tα|) t(Z(M))−→ 0, then it follows from Φ(E⊥λ (|Tα|)) 6
1
λ
Φ(|Tα|) that Φ(E⊥λ (|Tα|))
t(Z(M))−→ 0 for all λ > 0.
Setting Zα = I and using Proposition 2(i) we get that E
⊥
λ (|Tα|)
t(M)−→ 0
for all λ > 0 and, hence, Tα
t(M)−→ 0, see Proposition 2(ii).
The implication (iii)⇒ (i) follows from Theorem 3. 
Theorem 4. Let M be a semifinite von Neumann algebra, τ be a faithful
normal semifinite trace on M. The following condition are equivalent:
(i) twτl = t(M, τ);
(ii) tτl = t(M, τ);
(iii) M is finite.
Proof. (i) ⇒ (ii). If twτl = t(M, τ), then the operation of multiplication
in (S(M, τ), twτl) is jointly continuous. In this case, as was shown in [7,
Theorem 4.1], tτl = twτl andM is of finite type. The implication (ii)⇒ (iii)
is proved similarly.
(iii) ⇒ (i). Let M be a finite von Neumann algebra. Then twτl = tτl [7,
Theorem 4.1]. Let {Tα} ⊂ S(M, τ) and Tα twτl−→ 0. It follows from the
identity twτl = tτl and Proposition 7 that |Tα| twτl−→ 0.
If λ > 1, we have that 0 6 E⊥λ (|Tα|) 6 |Tα|, hence E⊥λ (|Tα|)
twτl−→ 0 by
Proposition 7. Using Proposition 9, item 2, we get that E⊥λ (|Tα|)
t(M)−→ 0 for
all λ > 1. Since
E⊥λ (|Tα|E⊥1 (|Tα|)) =
{
E⊥1 (|Tα|), 0 < λ < 1,
E⊥λ (|Tα|), λ > 1,
by Proposition 2(ii) we get that |Tα|E⊥1 (|Tα|)
t(M)−→ 0. Now, it follows from
the inequality |Tα|E1(|Tα|) 6 |Tα| that |Tα|E1(|Tα|) twτl−→ 0. Since twτl = tτl
and ‖ |Tα|E1(|Tα|) ‖M 6 1, we have that |Tα|E1(|Tα|) t(M)−→ 0 by Proposi-
tion 9, item 2.
Hence, |Tα| = |Tα|E1(|Tα|)+ |Tα|E⊥1 (|Tα|)
t(M)−→ 0, and so Tα t(M)−→ 0. With
a use of Theorem 3 this shows that twτl = t(M, τ). 
4. Comparison of the topologies tτl and twτl with the
(o)-topology on Sh(M, τ)
Let us denote by thτl (resp., thwτl) the topology on Sh(M, τ) induced by
the topology tτl (resp., twτl), and find a connection between these topologies
and the (o)-topology toτ (M).
Proposition 10. thwτl 6 thτl 6 toτ (M).
Proof. Let {Tα}α∈A ⊂ Sh(M, τ), Tα ↓ 0, P ∈ P(M), τ(P ) < ∞. Since
(PTαP ) ↓ 0, we have that PTαP thτ−→ 0 by Proposition 5. Consequently,
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Tα
twτl−→ 0 by Proposition 6. Let 0 6 Sα 6 Tα, Sα ∈ Sh(M, τ). By Propo-
sition 7(iii), Sα
twτl−→ 0 and, hence, √Sα tτl−→ 0 by Proposition 7(i). Let us
show that Sα
tτl−→ 0.
Let µt(T ) = inf{‖TP‖M : P ∈ P(M), τ(P⊥) 6 t}, t > 0, be a non-
increasing rearrangement of the operator T . Fix α0 ∈ A. For every α > α0,
we have
µt(
√
Sα) =
√
µt(Sα) 6
√
µt(Tα) 6
√
µt(Tα0),
in particular,
sup
α>α0
µt(
√
Sα) 6
√
µt(Tα0) <∞
for all t > 0. Consequently, the net {√Sα}α>α0 is tτ -bounded [7, Lemma 1.2]
and, hence, Sα
tτl−→ 0 by Proposition 7(ii). Repeating now the proof of the
implication (ii)⇒ (i) in Theorem 1 we get that thτl 6 toτ (M).
The inequality thwτl 6 thτl follows from the inequality twτl 6 tτl. 
Corollary 2. (i) If twτl = tτ (resp., tτl = tτ ), then τ(I) <∞.
(ii) If thwτl = thτl, then the algebra M is finite.
(iii) If thwτl = thτ (resp. thτl = thτ), then τ(I) <∞.
Proof. (i). It follows from twτl = tτ that tτl = tτ . Consequently, thτ 6
toτ (M) and, hence, τ(I) <∞ by Proposition 5.
(ii). If Tα
twτl−→ 0, then T ∗α twτl−→ 0 and, hence,
ReTα =
1
2
(Tα + T
∗
α)
twτl−→ 0, ImTα = 1
2i
(Tα − T ∗α) twτl−→ 0.
Since thwτl = thτl, we get that Tα
tτl−→ 0. Hence, twτl = tτl, which implies
that M is finite [7].
Item (iii) follows from Propositions 5 and 10. 
Corollary 3. The following conditions are equivalent:
(i) twτl = tτ ;
(ii) tτl = tτ ;
(iii) τ(I) <∞.
Proof. The implication (i) ⇒ (ii) follows from the inequalities twτl 6 tτl 6
tτ , (ii) ⇒ (iii) from Propositions 5 and 10, and the implication (iii) ⇒ (i)
is clear. 
By Proposition 5, if τ(I) <∞, we have the following:
thwτl = thτl = toτ (M) = thτ .
The following theorem permits to construct examples of von Neumann
algebras M for which
thwτl < thτl < toτ (M) < thτ .
Theorem 5. If thτl = toτ (M), then τ(I) <∞.
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Proof. Assume that τ(I) = +∞ and first consider the σ-finite von Neumann
algebra M. In this case, there is a faithful normal positive linear functional
ϕ on M [10, Ch. II, § 3]. If we have a net {Tα} ⊂ M+ and Tα ↓ 0, then
ϕ(Tα) ↓ 0 and, hence, there is a sequence of indices α1 6 α2 6 . . . such that
ϕ(Tαn) ↓ 0, which implies Tαn ↓ 0.
Let a net {Tα} ⊂ Sh(M, τ) (o)-converge to zero in Sh(M, τ). Choose
Sα ∈ S+(M, τ) such that −Sα 6 Tα 6 Sα and Sα ↓ 0. Fix α0 and set
X = (I + Sα0)
− 1
2 , Yα = XSαX, α > α0. Then Yα ∈ M+, Yα ↓ 0, and hence
there is a sequence α1 6 α2 6 . . . such that Yαn ↓ 0. Consequently, Sαn ↓ 0
and Tαn
(o)−→ 0.
Hence, the subset F ⊂ Sh(M, τ) is closed in the (o)-topology toτ (M) if
and only if F contains (o)-limits of all (o)-convergent sequences of elements
in F .
Choose a sequence {Pn} of nonzero pairwise orthogonal projections in
P(M) satisfying 1 6 τ(Pn) < ∞ and show that F = {
√
nPn}∞n=1 is closed
in the (o)-topology toτ (M).
If {Tk}∞k=1 ⊂ F is an (o)-convergent sequence of pairwise distinct ele-
ments, then Tk =
√
nkPnk 6 S, k = 1, 2, . . ., for some S ∈ S+(M, τ) and,
hence, 0 6 Pnk 6
1√
nk
S
tτ−→ 0. Consequently, τ(Pnk)→ 0, which contradicts
the inequality τ(Pnk) > 1, k = 1, 2, . . .
Hence, the set F is closed in the (o)-topology toτ (M).
It remains to show that this set F = {√nPn}∞n=1 is not closed in the
topology twτl (here we do not use that the algebra M is σ-finite).
Denote byM+∗ the set of all positive normal linear functionals onM, and
let tσ be the σ-strong topology onM generated by the family of seminorms
pψ(T ) = ψ(T
∗T )
1
2 , ψ ∈ M+∗ , T ∈ M [10, Ch. II, § 2]. It is clear that the
linear functional ϕQ(T ) = τ(QTQ) belongs to M+∗ for all Q ∈ Pτ (M) such
that τ(Q) <∞. Thus, the convergence Tα tσ−→ 0 implies that τ(QT ∗αTαQ) =
ϕQ(T
∗
αTα) = p
2
ϕQ
(Tα) → 0, that is, |TαQ|2 = QT ∗αTαQ tτ−→ 0. By [14]
we have that |TαQ| tτ−→ 0 and, hence, TαQ tτ−→ 0, that is, Tα tτl−→ 0 by
Proposition 6. Consequently, the topology tσ majorizes the topology tτl on
M.
Let us now show that T = 0 belongs to the closure of the set F in the
topology tσ. The sets
V (ϕ1, . . . , ϕn, ε) = {T ∈ M : pϕi(T ) 6 ε, i = 1, 2, . . . , n}
form a neighborhood base around zero in the topology tσ, where {ϕi}ni=1 ⊂
M+∗ , ε > 0, n ∈ N. If ϕ =
n∑
i=1
ϕi, then ϕ ∈ M+∗ and pϕi(T ) 6 pϕ(T ),
i = 1, 2, . . . , n. Hence, the system of subsets {V (ϕ, ε) : ϕ ∈ M+∗ , ε > 0} is a
neighborhood base around zero in the topology tσ. If V (ϕ, ε) ∩F = ∅, then
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ε < pϕ(
√
nPn) =
√
nϕ(Pn)
1
2 and, hence, ϕ(Pn) >
ε2
n
for all n = 1, 2, . . .,
which is impossible, since
∞∑
n=1
ϕ(Pn) = ϕ(sup
n>1
Pn) < +∞.
Consequently, V (ϕ, ε) ∩ F 6= ∅ for all ϕ ∈ M+∗ , ε > 0. This means that
T = 0 belongs to the closure of the set F in the topology tσ. Since tσ
majorizes the topology tτl on M, zero belongs to the closure of the set F in
the topology tτl. Consequently, the set F is not closed in (Sh(M, τ), thτl)
and, hence, thτl < toτ (M).
Let nowM be a not σ-finite von Neumann algebra, {Pn}∞n=1 ⊂ P(M) be
as before, P = sup
n>1
Pn, and A = PMP . It is clear that ϕ(T ) =
∞∑
n=1
τ(PnTPn)
2nτ(Pn)
,
T ∈ A, is a faithful normal linear functional on A, and thus the algebra A
is σ-finite [10, Ch. II, § 3].
Let {Tα}α∈A ⊂ Sh(A, τ), T ∈ Sh(M, τ), and Tα (o)−→ T in Sh(M, τ), that
is, there is a net {Sα}α∈A ⊂ S+(M, τ) such that −Sα 6 Tα − T 6 Sα and
Sα ↓ 0. Then
−PSαP 6 P (Tα − T )P = Tα − PTP 6 PSαP
and PSαP ↓ 0, that is, Tα (o)−→ PTP in Sh(A, τ) and in Sh(M, τ). Con-
sequently, T = PTP so that T ∈ Sh(A, τ). This means that Sh(A, τ) is
closed in (Sh(M, τ), toτ (M)), and the (o)-topology toτ (M) induces the (o)-
topology toτ (A) on Sh(A, τ). In particular, the set F = {
√
nPn}∞n=1 is closed
in (Sh(M, τ), toτ (M)), although it is not closed in the topology thτl. 
Proposition 10 and Theorem 5 immediately give the following.
Corollary 4. (i) If thwτl = toτ (M), then τ(I) <∞.
(ii) If M is not finite, then thwτl < thτl < toτ (M) < thτ .
(iii) If M is finite and τ(I) = +∞, then thwτl = thτl < toτ (M) < thτ .
5. The locally measure topology on atomic algebras
Necessary and sufficient conditions on the algebraM so that the topology
tτl would be locally convex (resp., normable) were given in the paper of
A. M. Bikchentaev [8]. Let us give a similar criterion for the topology t(M).
A nonzero projection P ∈ P(M) is called an atom if 0 6= Q 6 P , Q ∈
P(M), implies that Q = P .
A von Neumann algebra M is atomic if every nonzero projection in M
majorizes some atom. Any atomic von Neumann algebraM is ∗-isomorphic
to the C∗-product
C∗ −
∏
j∈J
Mj = {{Tj}j∈J : Tj ∈ Mj , sup
j∈J
‖Tj‖Mj < +∞},
where Mj = B(Hj), j ∈ J . Since LS(B(Hj)) = B(Hj) and LS(C∗ −∏
j∈J
Mj) =
∏
j∈J
LS(Mj) [6, Ch. II, §3], we have that, for an atomic von
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Neumann algebra M, the ∗-algebra LS(M) is ∗-isomorphic to the direct
product
∏
j∈J
B(Hj) of the algebras B(Hj). By Proposition 2, the topology
t(M) coincides with the Tychonoff product of the topologies t(B(Hj)). Since
t(B(Hj)) is a uniform topology t‖·‖B(Hj) on B(Hj) generated by the norm
‖ · ‖B(Hj ), the topology t(M) is locally convex. For every 0 6 {Tj}j∈J ∈
C∗ − ∏
j∈J
B(Hj), set τ({Tj}j∈J) =
∑
j∈J
trj(Tj), where trj is the canonical
trace on B(Hj). It is clear that τ is a faithful normal semifinite trace on the
atomic von Neumann algebra M = C∗ − ∏
j∈J
Mj , and the topology tτl is
also locally convex [8], however, tτl 6= t(M) if dimHj = ∞ for at least one
index j ∈ J .
Proposition 11. The topology t(M) is locally convex if and only if M is
∗-isomorphic to the C∗-product C∗ − ∏
j∈J
Mj , where Mj are factors of type
I or type III.
Proof. Let t(M) be a locally convex topology on LS(M). Since t(M) in-
duces the topology t(Z(M)) on Z(M), we have that (S(Z(M)), t(Z(M)))
is a locally convex space. It follows from [12, Ch. V, §3] that Z(M) is
an atomic von Neumann algebra. Hence, the algebra M is ∗-isomorphic
to the C∗-product C∗ − ∏
j∈J
Mj , where Mj are factors for all j ∈ J . Let
Mj0 be of type II-factor. Then there exists a nonzero finite projection
P ∈ P(M) such that PMP is of type II1. It follows from [12, Ch. V § 3]
that S(PMP, t(PMP )) has not nonzero continuous linear functional and,
hence, the topology t(PMP ) can not be locally convex. By Proposition 8,
the topology t(M) can not be locally convex too. Consequently, Mj are
either of type I or type III factors for all j ∈ J .
Conversely, let M = C∗ − ∏
j∈J
Mj , where Mj are of type I or type III
factors. Then LS(Mj) = Mj , t(Mj) = t‖·‖Mj , LS(M) =
∏
j∈J
Mj and,
hence, the topology t(M) is a Tychonoff product of the normed topologies
t(Mj), that is, t(M) is a locally convex topology. 
Corollary 5. The topology t(M) can be normed if and only ifM =
n∏
j=1
Mj ,
where Mj are of type I or type III factors, j = 1, 2, ..., n, and n is a positive
integer.
Proof. If the topology t(M) is normable, then (S(Z(M)), t(Z(M))) is a
normable vector space. It follows from [12, Ch. V, § 3] that Z(M) is a
finite dimensional algebra, which implies that M =
n∏
j=1
Mj, where Mj are
factors, j = 1, 2, ..., n. By Proposition 11, the factors Mj are either of type
I or type III for all j = 1, 2, ..., n.
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The converse implication is obvious. 
Let us also mention one more useful property of the topologies t(M) if
M is an atomic finite algebra.
Proposition 12. The following conditions are equivalent:
(i) M is an atomic finite von Neumann algebra;
(ii) if {Tn}∞n=1 ⊂ LSh(M), then Tn
t(M)−→ 0 if and only if Tn (o)−→ 0.
Proof. (i) ⇒ (ii). Since M is a finite von Neumann algebra, it follows
from Tn
(o)−→ 0 that Tn t(M)−→ 0 by Theorem 1. Since M is atomic, we have
M = C∗ − ∏
j∈J
B(Hj). If Tn = {T (j)n }j∈J , T (j)n ∈ B(Hj), and Tn t(M)−→ 0, then
‖T (j)n ‖B(Hj ) → 0 as n→∞ for all j ∈ J . Since |T (j)n | 6 ‖T (j)n ‖B(Hj ) ·IB(Hj ), it
follows that {T (j)n }∞n=1 (o)-converges to zero in B(Hj) and, hence, Tn
(o)−→ 0.
(ii)⇒ (i). It follows from Remark 1 that M is finite. Identify the center
Z(M) with L∞(Ω,Σ, µ). By condition (ii), any sequence in L0(Ω,Σ, µ)
that µ-almost everywhere converges is convergent in the topology t(M).
Consequently, Z(M) is an atomic von Neumann algebra and, hence, M =
C∗−∏
j∈J
Mj, whereMj are finite factors of types I or II. If there is an index
j0 ∈ J for which Mj0 is of type II, then there exists a nonzero projection
P ∈ P(M), τ(P ) = 1, such that PMP is of type II1.
Let A be a maximal commutative ∗-subalgebra of PMP . Then A has no
atoms and there is a collection Q
(k)
n , 1 6 k 6 n, of pairwise orthogonal pro-
jections in P(A) such that sup
16k6n
Q
(k)
n = P and τ(Q
(k)
n ) =
1
n
, k = 1, 2, . . . , n.
Set X
(k)
n = nQ
(k)
n , k = 1, 2, . . . , n, and index the operators X
(k)
n by setting
T1 = X
(1)
1 , T2 = X
(1)
2 , T3 = X
(2)
2 , . . . It is clear that Tn
tτ−→ 0 and, by
condition (ii), Tn
(o)−→ 0 in LSh(PMP ), that is, there exists a sequence
{Sn}∞n=1 ⊂ LS+(PMP ) such that Sn ↓ 0 and 0 6 Tn 6 Sn, n = 1, 2, . . .
Since E⊥n (S1) ∈ PMP and E⊥n (S1) ↓ 0, there is an index n0 such that
τ(E⊥n0(S1)) <
1
2 . Set E = PEn0(S1) and Ln = ESnE. It is clear that
1
2 < τ(E) 6 1, 0 6 Ln 6 n0E, Ln ↓ 0, and 0 6 ETnE 6 Ln, n = 1, 2, . . .
Since τ(Ln) ↓ 0, the inequality τ(E⊥ε (Ln)) 6 1ετ(Ln) implies that
τ(E⊥ε (Ln))→ 0 for all ε > 0.
Fix ε ∈ (0, 1) and choose an index n1 such that τ(E⊥ε (Ln1)) < 12 . For the
projection G = PEε(Ln1), we have that GETnEG 6 GLnG 6 GLn1G 6 εG
for all n > n1, that is, ‖Q(k)n EG‖M 6
√
ε
n
for any n > n1, k = 1, 2, . . . , n.
If E ∧G = 0, then 1 = τ(P ) > τ(E ∨G) = τ(E) + τ(G) > 1. Consequently,
E ∧ G 6= 0, so that there exists a vector ξ ∈ (E ∧ G)(H) ⊂ P (H) with
‖ξ‖H = 1, where ‖ · ‖H is the norm on the Hilbert space H on which the von
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Neumann algebra M acts. For each n > n1, we have that
1 = ‖Pξ‖2H =
n∑
k=1
‖Q(k)n ξ‖2H =
n∑
k=1
‖(Q(k)n EG)ξ‖2H 6
ε
n
+
ε
n
+ . . .+
ε
n
= ε < 1.
This contradiction shows that the sequence {Tn}∞n=1 can not be
(o)-convergent to zero in LSh(PMP ). Hence, all the factorsMj, j ∈ J , are
of type I, that is, M is an atomic von Neumann algebra. 
Corollary 6. The following conditions are equivalent.
(i) Any twτl-convergent sequence in Sh(M, τ) is (o)-convergent.
(ii) Any tτl-convergent sequence in Sh(M, τ) is (o)-convergent.
(iii) Any tτ -convergent sequence in Sh(M, τ) is (o)-convergent.
(iv) M is an atomic von Neumann algebra and τ(I) <∞.
Proof. The implications (i)⇒ (ii)⇒ (iii) follow from the inequalities twτl 6
tτl 6 tτ .
(iii)⇒ (iv). Since the topology tτ is metrizable, it follows from Remark 2
that thτ = toτ and, hence, τ(I) < ∞ by Proposition 5, in particular, tτ =
t(M). It remains to apply Proposition 12.
The implication (iv) ⇒ (i) follows from Theorem 4 and Proposition 12.

Remark 5. It was shown in the proof of the implication (ii)⇒ (i) in Propo-
sition 12 that for a non-atomic von Neumann algebra M with a faithful
normal trace τ there always exists a sequence {En}∞n=1 of pairwise commut-
ing projections in P(M) such that En tτ−→ 0, however, {En}∞n=1 does not
(o)-converge in Sh(M, τ).
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